In this paper, extending our previous work on averaging on Lie groups, we present a third-order averaging theorem for periodically forced, drift-free, leftinvariant systems on Lie groups and use it to demonstrate constructive controllability for a class of problems. Specifically, this class includes the case for which depth-two Lie brackets are needed for complete controllability. We illustrate this via an example on the group SE(3), appropriate as a model of kinematic control of an underwater vehicle.
Introduction
Drift-free systems with fewer controls than state variables arise in a variety of control problems including motion planning for wheeled robots subject to nonholonomic constraints, spacecraft attitude control and the motion control of autonomous underwater vehicles. Recent research has focused on the problem of constructing controls to achieve complete controlla- evolving on matrix Lie groups. Here X ( t ) is a curve in a matrix Lie group G of dimension n, U(t) is a curve in the Lie algebra G of G, and {AI, . . . , An) a basis for G . The ui(-) are assumed to be periodic functions of common period T. E > 0 is a small parameter such that cui(.) are interpreted as the small-amplitude, periodic controls, although some of the u i ( . ) may be identically zero.
We state formally the complete constructive controllability problem for system (1) where u;(t) 3 0, i = (P) Given an initial condition X i E G, a final condition X j E G and a time t j > 0, find that X ( 0 ) = Xi and X ( t f ) = X j . m + l , ..., n:
Here and in previous papers, to solve problem (P), we use averaging theory for systems of the form (I) as a means to specify open-loop, periodic control. The goal of averaging in this context is to describe an a p proximate solution to (1) that evolves on the matrix group G and remains close to the actual solution, but gives rise to straightforward procedures for achieving complete constructive controllability.
First and second-order averaging theorems have been proved for systems of the form (1) [SI. In particular, the second-order average approximation provides a formula for achieving complete constructive controllability using fewer than n periodic controls if the controllability Lie algebra rank condition is satisfied for a system of the form (1) using up to depth-one Lie brackets (i.e., single brackets). In this case the formula solves (P) with o (~~) accuracy which could be improved with intermittent feedback if desired. Additionally, the second-order average approximation admits a geometric interpretation as an area rule [6] .
In this paper we prove a third-order averaging theorem for systems of the form (1) and develop the assoi 57 ciated geometric interpretation. This facilitates the design of open-loop controls to solve (P) with O(e3) accuracy for systems (1) which require up to depthtwo Lie brackets (i.e., double brackets) to satisfy the controllability Lie algebra rank condition. As an illustration of our results, we show how to steer an autonomous underwater vehicle (G = SE(3), the group of rigid motions) to a desired position and orientation when only three controls are available (two rotational and one translational). In the special case of a microscale underwater vehicle or a small vehicle in a highly viscous fluid, (thus implying a low Reynolds number), control of angular and translational velocities can be effected simply by cyclic body deformations, cf. [7, 81. In imitation of the flagella or cilia used by microorganisms for maneuvering, actuators such as flapping flexible oars or rotating corkscrews could be used to generate angular and translational velocities for such a vehicle.
In the present paper, we only require control authority over two angular velocities and one translational velocity to translate and orient an underwater vehicle as desired. The low number of controls required to achieve complete constructive controllability provides a measure of redundancy to the control system. This redundancy can also be interpreted as the means for the controller to "adapt" to a failure in the system that reduces the control authority, by continuing to provide complete control over the position and orientation of the vehicle.
In Section 2 we give preliminaries, and in Section 3 we summarize first and second-order averaging. In Section 4 we prove a third-order averaging theorem and the associated constructive controllability result. We apply these results to the underwater vehicle control problem in Section 5.
Preliminaries
Assume that u(t) is periodic in t with period T . Let uau = ( u a u l , .
. . , u ,~, , )~ and ii = ( 6 1 , . . .,Gn)T-
For Ua" = 0, Areaij(T) is interpreted as the area bounded by the closed curve described by 4i and G j over one period, and mijk(T) is interpreted as a first moment.
Given { A I , . . . , An}, one computes the associated structure constants l?fj using the definition
where 
The depth-two structure constants Ofjk associated with basis { A I , . . . , A n } are defined by
Bi E { A I , . . .,Am}, i = 0 , . . . ,k}.
(8)
By [9] , for G a connected Lie group, if = spanc then system (1) is controllable. We refer to this condition as the Lie algebra controilability rank condition.
We recall the single exponential local representation of X given by Magnus [lo] . By Theorem I11 of [lo] , assuming a certain convergence criterion is met, the solution to (1) with X ( 0 ) = I can be expressed as
where Z(t) E Q is given by the infinite series:
Satisfying the convergence criterion means limiting the duration of validity of the single exponential r e p resentation (see [ll] for details).
Let 6 : Q -+ G define the mapping 
where d : 8" x %" --+ %+ is given by d ( a , p) =
[la -PII, and 11 . I( is a norm on %".
First and Second-Order Averaging
The basic idea which we use for first and aecondorder averaging as well as for high-order averaging is to derive classical averaging theory approximations for the local representation and then transfer such estimates to the group level for solutions to
(1). By the pth-order average approximation X(P), we mean that given a metric d on the Lie group G,
The formula for the first-order average approximation X(') was found to be [6] X ( l ) ( t ) = X(l)(O)e"au'.
(13)
Assuming that uaV = 0, the formula for the secondorder average approximation X ( 2 ) where X ( 2 ) ( 0 ) =
This formula is interpreted as an area rule since secular motion is proportional to the area terms Areaij(2'). We show in [6] that if (1) satisfies the Lie algebra controllability rank condition with up to depth-(p -1) Lie brackets, then the complete constructive controllability problem (P) can be solved with O ( P ) accuracy using the formulas for X ( p ) ( t ) , p = 1,2.
Third-Order Averaging
Higher-order average approximations to the solution to this result for p = 3. Additionally, we show that the third-order approximation has a geometric interpretation based on a higher-order geometric object which can be described as a first moment. The first moment plays a role analogous to the role played by area in the second-order average approximation.
Theorem 1 (Area-Moment Rule). Let E > 0 be a small parameter. Let D = { Z E 6 I llzll < c S.
Assume that u ( t ) E is periodic in t with period 
IIZ(~) -(zo(s) + Ezl(s) + E 2 z 2 ( s , E))ll = 0 (~3 ) .

This implies that Vt E [O, b / t ]
Ilz(t) -( 2 0 ( t ) +~ ( t ) +~%(t))ll = O(t3), (22)
where Z , ( t ) , q = 0 , 1 , 2 can be determined from (19) 
( 3 ) ( t , €1 zo(t) + tzl(t) + ~( t ) . (27)
By ( It remains to show that (30)-(32) can be met. This becomes clear by recognizing the geometric meaning of the terms a i j ( t ) and mijk(T). Specifically, aij can be controlled using a 1-1 resonance in frequencies of ~i and U j while mijk(T) can be controlled, using a 1-2-1 resonance in frequencies of ui, uj and uk. See 
Underwater Vehicle Control
Consider an autonomous underwater vehicle and let (q, r2, '3) be coordinates fixed on the vehicle. Let  ( b l , b2, b3) be inertial coordinates. Then we define 
X = X ( C Ri(t)Ai + vi(t)Ai). (33) i=l i=4
We assume that we can interpret Q(t) and v(t) as controls such that (33) is of the form (1). show the system is controllable using one depthtwo Lie bracket. Thus, in this case, the third-order average formula (and not the second-order average formula) provides a means to derive controls for complete control of the vehicle. In effect, one can think of the third-order average formula as providing an "adaptive" control law for translating and orienting an autonomous underwater vehicle in the event of an actuator failure.
We now illustrate how to use the third-order average formula to control an underwater vehicle, in the general case when one translational control u4 and two angular controls u1 and u2 are available. From Theorem 1 we can write down the formula for the third-order approximation X ( 3 ) ( t ) to the solution X ( t ) E S E ( 3 ) as For numerical illustration let E = 0.2, t'd5 = 0.05 and t j = 24. This represents one step in a multi-step maneuver. We choose q = 3, T = 2 and (Y = p = 0.2 so that the frequency is relatively low, i.e., w = a. 
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